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SHORT COMMUNICATIONS

The Ewald and Darwin solutions for perfect crystals. By R.J. Weiss, Materials Research Laboratory, U.S. Army
Materials Research Agency, Watertown, Massachusetts, U.S.A.

(Received 16 October 1964)

In the course of some measurements of the absolute struc-
ture factors of silicon perfect crystals (Bragg case) we found
it necessary to consider the criteria for the so called ‘thick
crystal’ case considered by Zachariasen (1945) and Hirsch
& Ramachandran (1950). Since the absorption coefficient
of silicon for Mo K« is very small we were approaching the
cases commonly termed the Ewald and Darwin solutions.
In the former the product of the absorption coefficient
and crystal thickness is very much less than unity while in
the latter case this product is very much greater than
unity, the absorption coefficient being very small in both
cases. In the common notation of Zachariasen (1945)
the Ewald solution gives an integrated intensity R% = as
the absorption coefficient approaches zero while the
Darwin solution gives R%k =% in the limit of negligible
absorption coefficient. Since the two solutions differ by
about 18 % and we were attempting to measure structure
factors to 1 %, we found it necessary to evaluate the general
formula (Zachariasen, 1945, equation 3-139) without the
simplifying Darwin assumption employed by Hirsch &
Ramachandran (1950) and Zachariasen (1945), equation
3-189.

The integrated intensity in Bragg reflection for a finitely
thick plane parallel perfect crystal is given exactly by
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Fig. 1. The integrated intensity R¥y as a function of the
product of the absorption coefficient x4 and the effective
thickness #(t =to/sin 6g) for Bragg reflexions of a plane paral-
lel perfect crystal plate, g=k=0-01. For very small values
of ut the integrated intensity approaches the kinematical
value which is linear in ¢ while for very large values of ut
the curve approaches the Darwin value. For ur~0-03 the
integrated intensity approaches the Ewald value. The thick
crystal criteria (i.e. Ry¥ yields the Darwin solution to
within 0-1 %) occurs for values of ut greater than indicated
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Ewald approximation g=0; Darwin approximation
aw> 1.

We have evaluated the case for g=k=0-01 on an IBM
1620 computer as a function of thickness (uf=2gA) and
this is shown in Fig. 1. For very small values of thick-
ness (uf <0-001) we have the linear kinematical region
and as the thickness increases (uz~0-03) we approach the
maximum or Ewald value of R% == while for very thick
crystals (ut >8) we approach the Darwin solution of §. The
approximate criteria for a thick crystal (i.e. R yields the
Darwin solution to within 0-1%) occurs for values of
ut=8.

It is interesting to note that a thin crystal uz~0-03 gives
more integrated intensity than a thick crystal uf>8, and

this presumably arises from interference effects amongst
the multiply scattered waves with the front and back
surfaces combined with absorption of the multiply scat-
tered waves.

I am grateful to Mrs A. Harvey for programming and
performing the calculations and to Dr L. D. Jennings for
discussions of the problem.
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